ABSTRACT -We show that the affine group scheme whose category of finite dimensional representations is equivalent to a tensor category of finite dimensional vector spaces equipped with semi-stable (multiple) filtrations of slope zero is connected.
Introduction
Let K be an arbitrary field, L a separable algebraic closure of K, and M any set of indices. We denote by g(KY LY M) the tensor category of finite dimensional vector spaces over K equipped with multiple filtrations over L indexed by the set M. We write g ss 0 (KY LY M) for the full subcategory of g(KY LY M) composed of semi-stable objects of slope zero and of zero objects. We quickly recall the definitions [6 For a finite dimensional vector space V over K, a family of subspaces
called a filtration over L of V if the relations
are enjoyed. An object of g(KY LY M) is a finite dimensional vector space V over K equipped with a family of filtrations F Á v V (v P M) over L of V such that for except a finite number of indices v, the filtrations are trivial:
A morphism between two objects of g(KY LY M) is a linear map over K between the underlying vector spaces over K which respects all their filtrations when linearly extended over L. For two objects
The category g(KY LY M) thus defined is a K-linear additive tensor category.
For a non-zero object
A fundamental fact about the full subcategory g ss 0 (KY LY M) of g(KY LY M) consisting of semi-stable objects of slope zero and of zero objects is the following: THEOREM 1.1 (Faltings [4] , Totaro [7] , cf. Andre Â [1] ). In our previous paper [6] , we have particularly shown that any connected reductive group over K appears (up to isomorphism) in many ways as a quotient group scheme of the affine group scheme Aut v ss 0 (KY LY M) when the cardinality of M is infinite. Denoting by v K (G) the forgetful tensor functor of the tensor category Rep K (G) of finite dimensional representations over K of an affine group scheme G over K onto the tensor category of finite dimensional vector spaces over K, this result is differently stated that when G is connected reductive, there exists a fully faithful tensor
In our present paper, we prove the next:
. If the group scheme G over K is finite, then for any object V of Rep K (G), the image i(V ) must be an object with all the filtrations trivial. In particular, the functor i cannot be full unless G 1.
Since the group scheme p 0 Aut v In Section 2, a proof of Theorem 1.2 is given for an arbitrary (finite or infinite) GALOIS extension L. It might be useful and natural to bring in a finite e Âtale K-algebra L. But we would like in the present paper to stick to our original setting [5, 6] bearing Diophantine approximation in mind. A little deviation is that the index set M is any non-empty set. In Section 3, we make a few observations on the problem to find all (algebraic) quotients of Aut v ss 0 (KY LY M).
Finite groups
Let K be an arbitrary field, G a finite group scheme over K, and K[G] the K-algebra of global functions on G. Note that as G is finite over K, the group scheme G is affine (over K). The key to the result of the present paper is that the dual vector space
translation. An immediate wellknown consequence is the following:
We recall its proof for the convenience of readers.
PROOF. Let V be a finite dimensional representation over K of G. By the very definition of representation, the comorphism
of the action of G on V is an injective comorphism between representation spaces when the tensor product K[G] Ã K V is regarded as a representation with the trivial action on V . This tells us that the representation V is a quotient of K[G] Ã K V which is isomorphic to a finite direct sum of copies 
Remember that when saying multiple filtrations, we are tacitly assuming for except a finite number of indices v P M, the filtrations F 
For finite dimensional vector spaces V and W over K equipped with multiple filtrations over L indexed by M, the direct sum of filtrations was defined as
From the definition of the tensor product of filtrations ((3) in Section 1), we get 
Since f is surjective, we see 
The point of the proof of THEOREM 1.2 is that we can show m v (V ) ! 0 for all v P M.
Algebraic groups which do not or do appear
Let K be an arbitrary field, L a (finite or infinite) GALOIS extension, and M any non-empty set of indices. We consider in this section a connected linear algebraic group G over K in general. PROOF. Denote by U a one-dimensional trivial representation space over K of G. Since i(U) i(U) 9 i(U U) 9 i(U), the filtrations of i(U) must be trivial, i.e., unit objects go to unit objects.
Let V be any non-zero finite dimensional representation over K of G. On the assumption that G is unipotent, there exists an injective G-homomorphism of U into V . The other assumption v PROOF. Let N be the (ZARISKI) closure of the subgroup generated by semi-simple elements of G. The variety N is a (closed) normal subgroup defined over K of G. By definition, all the elements of the quotient group GaN are unipotent, hence GaN is unipotent. Since GaN is isomorphic to a quotient of Aut v ss 0 (KY LY M), Proposition 3.1 means that GaN 1. p REMARK 3.3. When L is a separable closure of the base field K and M is infinite, we have shown in the appendix of our previous paper [6] that any affine algebraic group scheme a dense subgroup of which is generated by tori defined over K appears (up to isomorphism) as a quotient of Aut v ss 0 (KY LY M). Applying the method of [6] to tori defined over L, we observe that any affine algebraic group which fills the necessity in Corollary 3.2 really appears (up to isomorphism) as a quotient of Aut v ss 0 (KY LY M). In this way, Corollary 3.2 presents a kind of characterization for linear algebraic groups which can be isomorphic to quotients of Aut v ss 0 (KY LY M). REMARK 3.4. Let S be the linear algebraic group of upper triangular matrices of degree 2 with determinant 1. The group S is defined over an arbitrary field K, solvable, and generated by two split tori. According to [6, Theorem A.14 ], the solvable group S appears (up to isomorphism) as a quotient of Aut v On the other hand, if the cardinality of M is one, then the group S cannot be isomorphic to any quotient of Aut v ss 0 (KY LY M), because the onedimensional multiplicative group G m is isomorphic to a quotient of S but one-dimensional objects of g ss 0 (KY LY M) are all units in this case.
